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The purpose of this study is to examine the effect of topology change in the initial universe. In 
this study, the concept of G-cobordism is introduced to argue about the topology change of the 
manifold on which a transformation group acts. This G-manifold has a fiber bundle structure if 
the group action is free and is related to the spacetime in Kaluza-Klein theory or Einstein- Yang- 
Mills system. Our results revealed that fundamental processes of compactification in G-manifolds. 
In these processes, the initial high symmetry and multidimensional universe changes to present 
universe by the mechanism which lowers the dimensions and symmetries. 
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I. INTRODUCTION 

Various studies have been conducted on evolution of 
initial universe. From the theory of unification, initial 
universe has high symmetry, multidimensional origin and 
would not distinguish between visible and extra dimen- 
sions. For consistency with experience, topological sepa- 
ration of visible and extra dimensions by means of a cer- 
tain kind of spontaneous symmetry breaking is needed, 
and it is required to give the differentiation of the initial 
dimension into extra and visible dimensions [1] . As a re- 
sult, present topology would be product of compact man- 
ifold with our universe after the topological separation 
and the differentiation had succeeded. It is considered 
that such topological separation take place in the Plank 
era, at which spacetime would be governed by quan- 
tum gravity. The topological separation is specifically 
expressed by compactification as following: the initial 
spacelike hypersurface is Afjuitiai and the final hypersur- 
face is Mvisibio x Afcxtra- In this process, by a compacti- 
fied universe, we mean a universe with spacelike topology 

-^visible X Mcxtra- 

In this paper we address the influence of the topol- 
ogy change to the spacetime with symmetry. Specifi- 
cally, we study the compactification of multidimensional 
universe with high symmetry by the quantum gravity 
effect. Kaluza-Klein (KK) space-time or Einstein- Yang- 
Mills system (EYMS) can be referred to as a spacetime 
relevant to such symmetry. The universe accompanied 
by a gauge field like these are described by G-manifold. 
Studying about the influence of the topology change to 
such spacetime has a physical significance. 

There is another viewpoint of introducing G-manifold 
as follows: Under the standard model, there is only a re- 
striction of a dimension for the multidimensional universe 
Since the general solutions of a higher dimensional 
Einstein equation do not have symmetry at all, it is pos- 
sible to use a G-manifold to confer symmetry on them 



by additional conditions. Introducing the symmetry as 
both uniformity and isotropy by means of G-manifold, 
quantum evolution of the multidimensional universe has 
been analysed 0-[5|. 

At least in certain scope, it seems reasonable to think 
that quantum gravity may be conceived as a path in- 
tegral over spacetimes @. One considers all cobordism 
joining the given initial and final spacelike hypersurfaces. 
Then it also seems reasonable to extend the cobordism 
to G-cobordisms having the boundaries as hypersurfaces 
before and after the topology change when spacetimes 
have gauge symmetry. 

We consider it significant to analyse the initial universe 
using a G-manifold from these facts. Previous studies of 
topology change based upon cobordism theory have been 
argued, such as cobordism [7l-t9| . spin-Lorentz cobordism 

IC , [ill , the Morse theory |12h16| , and surgery theory 

171 [l8| , up to now. 
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When a non-degenerate Lorentz metric and a causal 
partial order on spacetime are not satisfied, spatial topol- 
ogy change is not allowed within the classical theory of 
relativity Q- Also when weak energy condition is taken 
into consideration with the Einstein equation, similar re- 
sult can be derived 8,]. Previously, topology change has 
been discussed by abandoning causal order and allowing 
closed timelike curves (CTCs) 9]. 

On the other hand, by abandoning CTC and giving 
priority to causal order, the causally continuous almost 
Lorentzian (CCAL) cobordism can be obtained [I^l- Fur- 
thermore, it is possible to obtain causal continuous cobor- 
dism by using surgery [13, [11] ■ Such CCAL cobordism 
has been introduced as a criterion of whether cobordism 
contributes to the Sum Over Histories (SOH) or not. 

An explosion of papers argue about the quantum evo- 
lution of universe can be described by SOH. In Euclidean 
path integral [l^, gravitational action Se is unbounded 
from below. Then the assertion that the contribution 
from a saddle point comprises the principal part of a 
wave function becomes meaningless. The convergence is 
achieved only by integrating along a complex contour in 
the the space of complex metrices. There are a number of 
inequivalent contours along which the path integral con- 
verges, each dominated by different saddle-points with 
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different forms for the wave functions [13, HTj. On the 
other hand, there is room for argument in a Lorentzian 
path integral for the irnprovement of outgoing mode pro- 
posal and singularity ^z]. Thus, the Euclidean and the 
Lorentzian path integrals have problems in their formu- 
lation. 

In Causal Dynamical Triangulations (CDT) which also 
discusses path integrals, causality serves as an critical 
point in their discussion [23l - l25j |. Since the universe su- 
perposed in the Euclidean quantum gravity is inherently 
unstable simply because it results in too many configu- 
rations contributing to the path integral, the Lorentzian 
spacetime is assembled with encoded causality [26| . 

However, previous studies cannot capture the concrete 
effect of topology change resulting in manifold with sym- 
metry. We do not discuss from a viewpoint of wave 
function. Instead we advance an argument by paying 
attention to the specific path corresponding to topology 
change of the multidimensional universe with gauge sym- 
metry. 

We would like to clarify anew our position of dealing 
with topology change. Our approach is to utilize the G- 
cobordism theory: 

First, G-manifolds with fiber bundle structure like 
Kaluza-Klein theory, Einstein-Maxwell system and 
Einstein- Yang-Mills system are set as the objects of 
topology change. G shows the transformation group 
(gauge group) which acts freely on a manifold. 

Second, G-cobordism is introduced in order to deal 
with topology change of G-manifold. G-cobordism is re- 
duced into cobordism when gauge group G = {1}. 

Third, when treating topology changes, causality 
should be respected. Let CCAL be a criterion whether 
the cobordism is physically allowed or not. 

CCAL metric of spacetime is degenerate at a finite 
number of isolated singularities. It is thought that 
finiteness of quantum field propagation on the spacetime 
[13, [13, [ill is related to causality continuum [Tl. ITU. [l3| . 
Topology changing solutions of the first order form 
of gene ral relativity also deals with degenerate metric 

[Mm. 

This paper discusses the topology change accompanied 
by higher to lower gauge symmetry transition. In Section 
II, G-cobordism is surveyed and the basic theorem of G- 
cobordism is proved. In Section III, the concrete example 
of a G-cobordant manifold is given. In Section IV, con- 
clusions and discussion of topology change in spacetime 
are made. 



II. MATHEMATICAL PRELIMINARIES 

We specify mathematically the type of spacetime 
that is targeted. Einstein-Maxwell system (EMS) and 
Einstein- Yang-Mills system (EYMS) have principal fiber 
bundle structure with gauge group, G = U{1) for EMS 
and G = SU{2) for EYMS, respectively. We use EGS 
to refer the system having principal fiber bundle struc- 



ture with gauge group G such as EMS or EYMS. These 
systems can be identified with G-manifold: 

Theorem 1 Let G be a compact Lie group and M he 
G-manifold. 

If G action is free, orbital space M/G will serve as a 
manifold, and tt : M i-^ M/G becomes projection map of 
(joc pj-ijiQipo^i fif)gf bundle where G is the fiber. 

The differentiation structure on M/G is unique and 
fulfills the following conditions: 

(i) n: M^ M/G is G°° map. 

(ii) h : M / G ^ N is G°° map if and only if h o tt is 
G°° map. 

For Kaluza-Klein theory (KK) where gauge field is re- 
duced from a higher dimensional G-manifold, the follow- 
ing relation is known. 

Theorem 2 Let pseudo Riemann manifold (M,g) be 
invariant under transformation group G 's free action. 
Then (M , g) shows one-to-one correspondence to pseudo 
Riemann metric g on orbital space M — M/G, gauge 
field A, and scaler field 7 which takes value in inner prod- 
uct of Lie algebra q, such that 

A' = ad{a)A -\- daa^^,a £ G 
7' = 7 o ad(a). 

In order to deal with topology change of these G- 
manifolds, it is necessary to introduce the concept of G- 
cobordism which is extension of cobordism. In our dis- 
cussion, topology change is limited to G-cobordantness 
among manifolds. We outline the G-cobordism theory 
for G-manifolds [Mill. 

Let H he a, closed Lie subgroup of G. We denote by 
[H) the set of Lie subgroups of G that are conjugate to 
H. 

Definition 3 A family ^ of closed subgroups of G is 
called admissible if (K) C ^ whenever K E ^. If the 
isotropy subgroup of any point of M belongs to ^, then 
M is called J free G manifold. Moreover, suppose that 
M has a boundary dM and that ^ has a admissible sub- 
family ^ . Then M is called ^ ) free if M is ^ free 
and dM is ^ free. 

Definition 4 Let M be a (S, 5') ffee n-dimensional ori- 
ented compact G-manifold. Then M is called null G- 
cobordant if there exist an {n + 1)- dimensional S free 
compact G-manifold W and an n-dimensional compact 
G-invariant submanifold Mi of dW , such that 

(1) M is G -isomorphic to Mi, 

(2) dW - Ml IS 5^ free. 
This is expressed as M 0. 

Further, two n-dimensional (5^, free oriented com- 
pact G-manifolds (M , G), {M' , G) are called G-cobordant 
if the direct sum as a set (Af , G) + (— Af ', G) is null G- 
cobordant. 
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This relation is expressed as (M, G) ~ (M', G). 

The relation G-cobordant is equivalent relation among 
the set of (5^,3^') free n-dimensional compact G- 
manifolds. 

Convention 5 We denote by [M, G] the G-cobordant 
class of a (5^,5") free oriented compact G-manifold 
{M,G), and by r2„(G;5, 5') the set of G-cobordant 
classes. 

Note that rj„(G : ^i) ( = {{!}}, {!}: trivial sub- 
group) is the set of G-cobordant classes of G-manifolds 
where compact Lie group G acts on freely. 

Definition 6 Let g : N Y be a singular n-manifold 
of a topological space Y . For g : N i-^ Y , a partition of 
some natural number I = (fci, ^2, ' 
ogy classes a; G 7J*(F; Z2), y S H*{Y;Z), 
set 



, km), Bind cohomol- 



Pi,y{g) = {Pki{N) ■ 



■WkAN){g*x),[N]2) ^1.2 
■Pk^{N){g*y),[N])^'L. 



These are called bordism Stief el-Whitney number and 
bordism Pontrjagin number of g for I respectively . 

If fa is the classifying map ( see Appendix [3P fa ■ 
M/G ^ EG of a free G-action i/j : M x G , then 

wi^xifc) o.nd pi^y^fc) are denoted by wj^xiM ,G) and 
pi^y{M ,G), and are called the bordism Stief el- Whitney 
number and bordism Pontrjagin number of ip respectively. 



The following facts are known [31|, |3. 

Theorem 7 Let g : N ^ Y be a singular n-manifold of 
a topological space Y. Suppose that [N,g] = G f2„(y). 
Then all of the bordism Stief el- Whitney numbers and bor- 
dism Pontrjagin numbers of g vanish. 

Theorem 8 Let M be an n- dimensional free G-manifold 



without boundary. The 



M,G 



= e n„{G : ^i) 



the element of G-cobordism group if and only if all of 
the bordism Pontrjagin numbers and the bordism Stiefel- 
Whitney numbers of the G-manifold vanish. 

Theorem 9 Defining p^.{[M,G]) = [AI /G, fa], we have 
the following isomorphism of degree -dim{G) as graded 
-module, 

p* : fi,(G) ^ n^{MG), where n^{G) = ®„>o^n{G). 

Since BG is infinite CW complex, we need the following 
well known theorem about CW complexes [s^ . 

Theorem 10 ( Cellular approximation theorem) 

Let X be an n-dimensional CW complex and / : X 1— > 
Y a continuous map from X to an another CW complex 
Y . Then there exists a cellular map f' : X ^ that 
is homotopic to f , where denote the n-skelton ofY. 

Combining the above theorems, we can prove the follow- 
ing: 



Theorem 11 Let M be an n-dimensional oriented com- 
pact G-manifold without boundary. Suppose that the ho- 
mology group H^(MG) has no torsion and that the Thom 
homomorphism fi : 51, (BG) 1-^ iJ, (BG) is surjective. 



Th 



M,G 



G fln{G : 3^1) if and only if all of 

the bordism Pontrjagin numbers and the bordism Stiefel- 
Whitney number of the G-manifold vanish. 
Proof. 



First suppose that 



ALG 



= e ai(G). Let 



M,G 



)= M/GJg 



Then from Theorem all of the bordism Pontrja- 
gin numbers and the bordism Stiefel Whitney numbers 
of classifying map fa : M/G BG are zero. 

Thus all of the bordism Pontrjagin numbers and the 
bordism Stiefel Whitney numbers of the G-manifold are 
zero. 

Conversely, .suppose that all of the bordism Pontrjagin 
numbers and the bordism Stiefel Whitney numbers of the 
G-manifold are zero. 

This means that all of the bordism Pontrjagin numbers 
and the bordism Stiefel Whitney numbers of the classify- 
ing map fc '■ M/G 1— > BG are zero. 

By the Theorem 1 1 U\ (cellular approximation theorem), 
we have a map f'^ : M/G ^ (BG)("+i) that is ho- 
motopic to f in BG, where {X)^ denote the k-skeleton 



of X. Thus 



M/G, fc 



e rin-di^G) by Theo- 



rem This implies that [M/G, fa] = [Af/G,/^] = 
G 51„_(i(BG). Furthermore, from Theorem : 
^m{G) ^ r2m-d(ffiG) is an isomorphism as ^-module. 

we have that 
□ 



Therefore, since pA[M,G]) = M/G, fa 



M,G 



0. 



Then condition of topology change can be summarized as 
follows: "In the topology change based on G-cobordism, 
the bordism Stiefel- Whitney number wi,x{M,G) and 
bordism Pontrjagin number pi^y{M , G) are equal before 
and after the topology change." 

G-cobordism is reduced into cobordism when G = {!}. 



III. TOPOLOGY CHANGE 

We specify the type of topology change that is con- 
sidered. In order for given compactification process 



initial 



iiblc 



X Afcxtra possible, one needs to 



prove the existence of a CCAL cobordism W such that 
dW = Minitiai U Mvisibie X Mextra [11 ■ Our argument 
extends cobordism which deals with compactification to 
G-cobordism. 

The extension to G-cobordism of compactification is 
given as follows: From now on, let G, Gi, and G2 be com- 
pact Lie groups such that they admit orientations that 
are preserved by both left and right translations, and that 
the skeletons of their classifying spaces are finite. Let M 
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be an oriented compact differentiable n-dimensional G- 
manifold without boundary. Note that the quotient map 
M iH> M/G is a principal G-bundle. We denote its classi- 
fying map by Jq : M /G BG. Suppose that the topol- 
ogy of a G-manifold M changes to a direct product of 
two G-spaces with dim d > 1 for i = 1, 2(G = Gi x G2) 



(M,G) ^ (Afi,Gi) X (M2,G2) (1) 
This means, they are G-cobordant: 



M,G 



Mi,Gi 



A/2,G, 



(2) 



In KK interpretation, topology change 



Af,G 



A/i,Gi 



A/2 , G2 with interpolating manifold W 



shows that M, Mi, and A/2 are spatial hypersurface, and 
W is whole spacetime with dW = MUA/i x A/2. Further, 
M /G corresponds to visible dimensions interacting with 
gauge field originated in gauge group G. 

In EGS interpretation, there is a cobordantness be- 
tween A/ = M/G and A/i(= Mi/Gi) x A/2(= M2/G2): 
dW = A/UA/i xA/2, where W = W/G is whole spacetime 
interacting with gauge field originated in gauge group G. 
This is because d(W/G) = {dW)/G is satisfied by G's 
free action. Above all base spaces are oriented, since G 
preserves the orientation. The existence of the manifolds 
W and W make given topology changes possible. 

Based on this premise, two examples are discussed be- 
low. 

Example 1 The situation that spatial hypersurface 
with higher symmetry changes to direct product of hy- 
persurfaces with lower symmetry is considered. 

Let ^(P, g, X, Spin(4)) be a principal Spin(4)-bundle. 
Let Pi : Spin(4) = SU(2) x SU(2) -> SU(2) denote 
the projection map to the i-th factor. Then wc obtain 
SU(2) -bundle Pi = PXp,SU(2). Let4'^(0 G H^{X;Z) 
denote the second Chern class of Pi X. 

Proposition 12 Lei ^(A/,p, A/, Spin(4)) be a principal 
Spin[A) -bundle over an oriented closed J^-manifold with 
the projection map p : M ^ M. Then the oriented 



Spin{A) -bordism class A/,Spin(4) 



splits to lower di- 



mension if and only if a{M) — and £3 (^) = G 
H'^{M) for i=l,2, where a{M) denotes the signature of 
M (see Avvendix W]) . 
Proof. 



Suppose that 
^2,SU(2) ; 
M, Spin(4) 



A/,Spin(4) splits to iVi,SU(2) 



7Vi,SU(2) X N2,SV{2) 



Then 



the SXJ (2)-bundle Ni — Ni is principal bundle over 
1,2, or 3-dimensional manifold Ni. Thus Wi{Ni) = 



W2{Ni) = pi(Ni) = 0. Moreover, for the classify- 
ing map ai : Ni — J> BSU(2), the induced homomor- 
phism : i/*(SU(2);Z) — S> H*{Ni) is trivial, since 
i/*(BSU(2)) is generated by C2 G //'^(SU(2); Z). Thus 

7Vi,SU(2)j =0. Similarly, [iV2,SU(2)j =0. Thus we 

have only to study the necessary and sufficient condition 

for \m, Spin(4)j = 0. 

Let ^(A/,p, A/, Spin(4)) denote the principal Spin(4) 
bundle with classifying map / = /i x /2 : A/ — !■ BSU(2) x 

BSU(2). Suppose that A/, Spin(4) = 0. Since A/ 

bords, a(M) — 0. Moreover, C2^''(C) = fiC2 — 0. Simi- 
larly,c^^\O = f2C2=0. 

Conversely, suppose thata{M) — and c^^^) = 0{i — 
1,2). Then we have that pi{M) = 3cr(A/) — 0, and that 
wKA/) = pi(M) = modulo 2. Moreover, we have that 
f*x = for all 0) G i/*(BSpin(4)), since 4^'(C) = 
C2\0 =0. Thus [M,Spin(4) 
This completes the proof. □ 



= 0. 



If we restrict the conditions of above proposition, we 
have similar results for higher dimension. 
The first case is given as follows: 



(i) A/,Spin(4) 



A^i,SU(2) X 7V2,SU(2) 



splits to 

with 2-dimensional manifold A^i = iVi/SU(2) and 3- 
dimensional manifold N2 = A^2/SU(2) 

Corollary 13 Let ^(A/,p, A/, Spin(4)) be a principal 
Spin(4)-bundle over an oriented closed 5-manifold with 
the projection map p : M M . Then the oriented 
Spin{4) -bordism class A/, Spin(4) splits to lower di- 
mension if and only if uj2{M)uj3{M) — 0. 
Proof. 

This corollary can be proved similarly as Proposition 
\M □ 

The second case is given as follows: 
(ii) [a/, Spm(4)j splits to [iVi,SU(2)j x \n2,SV{2) 
with 

3-dimensional manifolds A'^i — A^i/SU(2) and — 
iV2/SU(2). 

Corollary 14 Let ^(A/,p, A/, Spin(4)) be a principal 
Spin(4)-bundle over an oriented closed 6-manifold with 
the projection map p : M ^ M. Then the oriented 
Spin(4) -bordism class A/, Spin(4) splits to lower di- 
mension if and only if wKM) = aj|(A/) — and 
(4*^ (0)2^2 (A/) = for i=l,2, where (4'^(0)2 denotes 

the reduction of 4'' (0 modulo 2. 
Proof. 

This corollary can be proved similarly as Proposition 

[21 □ 



Remark: The similar argument is possible also 
about SU(3) X SU(3) instead of Spin(4). Further- 
more, Gi X 6*2, a group with higher symmetry is possible. 

Example 2 The situation that spatial hypersurface 
with higher symmetry changes to hypersurface with lower 
symmetry is considered. 

Let £,{M,p, M, Gi x G2) be a principal Gi x G2 bundle 
with the classifying map / = /i x /2 : il/ i-^- BGi x BG2 . 
Suppose that H* (BG2 ; is generated by only one ele- 
ment I e i/''(BG2; Z). (ff*(BG2; Z2) is generated by only 
one element h G -ff'^(BG2;Z)) Set 77 = f^l £ H'^{M;I.) 
and h G iJ'*(BG2;Z2). 



Proposition 15 



M, Gi X G2 



topologically changes to 



X [G2, G2] if and only if 



Pi,x®i>'{M,Gi X G2) = Wi^^^^(j^)u{M,Gi X G2) = 
hold for all triples (x, I, k) of cohomology classes x G 
ff*(BGi;Z),, X2 G H*{MGi;Z2), partition of natural 
numbers I, and natural numbers k G N — {1,2,...}. 
In particular, if rj — 0, then [M, Gi x G2] splits to lower 
dimension. 

Proof. 



First suppose that 



Afi,Gi 



M, Gi X G2 

[G2,G2]. In this case, we obtain the principal Gi x G2 
bundle Mi x G2 i— s- Mi — Mi/Gi with the classify- 
ing map g ~ gi x pt : Mi M> BGi x BG2, where 
pt denote a constant map. Then, for all I and x (g) 
y G i?'(BGi;Z) ® i7^(BG2;Z) with j > 1, we ob- 
tained pi, ^0y{M ,Gi X G2) = {pi{M)f*{x(E)y),[M]) = 
{pi{Mi)g*{x®yUMi]) = {pi{Mi)g*ix{ptyy, [Mi]) = 0. 

Thus pj,^0ik{M,Gi X G2) = holds for all x, I, and 

k. Similarly we have Wi,^^^(^i^'fk{M ,Gi x G2) = 0. 

Conversely, .suppose that 
Pi,x^AM) = jp/(M)A*(a;)77^[M]) = hold for all x, 

I , and k. Let Mi = /^EGi i— > M denote the Gi bundle 
induced by fi : M 1-^ BGi . Then, by applying the direct 
product with G2 bundle G2 — > c, we obtain a Gi x G2 
bundle AIi x G2 M x c = M with the classifying 
map fi X pt : Mi k> BGi x BG2, where c denotes one 
point. Thus for all x ® y £ i7*(BGi; Z) ® iJ-''(BG2; Z) 
with j > 1, we have that {pi{M)f*{x ® y), [M]) = = 
{piiM)ifiXptyix®y),[M]). 

Moreover, by identifying (BG2 ; Z) with Z, we have 
that {pi{M)f*{x ® y),[M] >= y{pi{M)flx,[M]) = 
{pi{M){fi X pt)*{x (E) y), [M]) forx®y& H'{MG;Z) (g) 
i7'^(BG2;Z). We also have similar equality for the bor- 
dism Stief el- Whitney numbers. Therefore by virtue of 



Theorem \11[ we have that 



M, Gi X G2 



[G2,G2]. This completes the proof. 



Mi,Gi 

□ 



Remark: Note that i7*(BU(l); Z) is generated by the 
first Chern class ci G i?2(BU(l);Z) and U(l) ^ S^. 
_ff*(BSU(2); Z) is generated by the second Chern class 



C2 G iy*(BSU(2);Z) and SU(2) . See Appendix A. 



IV. CONCLUSIONS AND DISCUSSION 

In this paper, we have explored the topology change 
among G-manifolds. We first proved the theorem specify- 
ing condition for the cobordantness among G-manifolds. 
Based upon this theorem, we described two examples 
in the i jllll The interpolating manifold (cobordism) is 
thought to be related to the spacetime from a viewpoint 
that spatial topology change emerges in spacetime. Re- 
sults of topology change in G-manifold can be translated 
into those in KK and EGS. Moreover, it is possible to 
introduce the concept of extra dimensions (plus visible 
dimensions) in EGS , not to mention KK. 

Examples 1 and 2 show the fundamental processes of 
compactification in G-manifolds. From these processes, 
the initial high symmetry and multidimensional universe 
changes to present universe by the mechanism which low- 
ers the dimensions and symmetries. 

Here, we explain the essential characteristic of these 
two processes by EGS interpretation . In example 1, the 
hypersurface splits to two hypersurfaces, and their gauge 
symmetries are lowered. In example 2, the hypersur- 
face lowers its gauge symmetry and changes its topology 
without changing its dimension. In both example 1 and 
2, topology changes are accompanied by higher to lower 
gauge symmetry transitions. 

After the compactified universe emerges by the process 
of example 1, following secondary process can be consid- 
ered: it is possible to interpret hypersurface in example 
2 as visible (or extra) dimension. In this case, interpo- 
lating manifold of spacetime consists of product of trivial 
cobordism of extra (or visible) dimension and cobordism 
of visible (or extra) dimension. In this processes, as clear 
from the Proposition 1151 conditions are imposed only to 
visible (or extra) dimension before topology change: 

Pi,xm^^ (M, Gi X G2) w/,^2®(i2)'' (^^' Gi X G2) = 0, 
where M is visible (or extra) dimension. As a result, 
change of topology and gauge symmetry emerge only in 
visible (or extra) dimension. 

When the above process is applied to the extra dimen- 
sion, significant effect related to superstring theory can 
occur. Since there is no restriction for geometrical con- 
figuration of extra dimension after topology change, the 
number of generations of fundamental fermions related to 
this configuration can be changed [33|. From the above- 
mentioned processes and their combination, geometrical 
configuration connected to the differentiation is given. 

Each example is explained in the following. In ex- 
ample 1, we show the necessary and sufficient condition 



that 



M, Spin(4) 



and 



A^2,SU(2) 



are 



A^i,SU(2) 

G-cobordant in Proposition [T^l Corollary [T3] and Corol 
laryim Interpolating manifold is denoted by W 
(A) KK interpretation: 
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(6 + a)-diniensional null cobordant hypersurface M 
can topology change to direct product of (3 + h)- 
dimensional null cobordant hypersurface Ni and (3 + a — 
6)-dimensional null cobordant hypersurface N2- ((a, h) = 
(4,1), (4,2), j;4,3),j5,2), (5,3), (6,3)) It is possible to 
think either Ni or N2 to correspond to extra dimensions. 

(B) EGS interpretation: 

(B-i) Base spaces are cobordant: for W = VF/Spin(4), 
M = M/Spm(4), and iV, = iV,/SU(2), {i = 1,2), there 
exists a relation dW = {M U Ni ~k N2). Under W being 
whole spacetime, spatial hypersurface M are compacti- 
fied to A'^i X N2 by topology change. M, N and A^i are 
null cobordant. It is possible to think either A^i or N2 to 
correspond to extra dimensions. 

(B-ii) Corresponding to (A-i) we have dimAf = a, 
dimA^i = b and dimA^2 = a — b. Since W corresponds 
to spacetime, M is higher dimensional hypersurface, A^i 
is b dimensional hypersurface, and N2 is a—b dimensional 
hypersurface. 

Let us switch our attention to example 2. In exam- 
ple 2, we show the necessary and sufficient condition for 



M,Gi X G2 



and 



Mi,Gi 



M2{= G2),G2 



to be G- 



cobordant in Proposition 1151 Interpolating manifold is 
denoted by W. 

(A') KK interpretation: 

If dimM — r, dimGi = s and dimG2 = t, r- 
dimensional null cobordant hypersurface M can topology 
change to direct product of (r — f)-dimensional hypersur- 
face Ml and i-dimensional hypersurface M2. It is pos- 
sible to think that M2 corresponds to extra dimensions. 
M2/G2 becomes a point. 

(B') EGS interpretation: 

(B'-i) Corresponding to (A'), there can be a topol- 
ogy change between closed manifolds M and Mi with 
dimAf =dimAfi = r - s - t. (dimM2 = 0) 

(B'-ii) If r — s — i is even, dimension of whole spacetime 
cobordism W becomes odd. If M/Gi x G2 is homeomor- 
phic to Ml, for example if we take M = Qi x G2 where 
Qi is homcomorphic to Mi, then, y(M) — x(Mi) which 
shows this Lorentzian cobordism '9\. In this case, there 
can be no CTC. 

(B'-iii) Under (B'-ii), if W admits trivial second Stiefel- 
Whitney class W2(W0_= 0, dW = MUMi becomes spin- 
Lorentz cobordism |ll| . 

(B'-iv) If M/Gi X G2 is diffeomorphic to Mi/Gi, there 
is a possibility that there is no topology change among 
spatial hypersurfaces and W is a Lorentzian cobordism 
0. For example, this is realized as M = i?i x G2 where 
Ri is diffeomorphic to Mi. 

(B'-v) Let M and Mi be obtained from asymptotically 
flat, non-compact space U and Ui with one-point com- 
pactification, respectively. Further, let M and Mi be 
G-cobordant, where M = M/G and Mi = Mi/G. Then 
it is apparent that base spaces M and Mi are cobordant. 
U and Ui are also cobordant based on the discussion 



by Dowker and Garcia [1J|. It is necessary to examine 
whether the cobordism which interpolates two hypersur- 
faces observe the causality or not. 

The case where the dimension of G-cobordism is five 
or more is considered. CCAL cobordism can be obtained 
if the cobordism W can be made simply connected by 
equivariant surgery (G-surgery) and admitted to have 
the different handle decomposition with no 1-handles and 
{N — l)-handles (dim W = N) [s^. This is similar argu- 
ment as HartnoU fis'l. Above discussion can be applied 
to the KK interpretations (A) and (A'). 

About EGS interpretation (B), following arguments 
will be attained. If G-cobordism W can be made sim- 
ply connected by equivariant surgery and different handle 
decomposition is chosen for eliminating the unnecessary 
handles in base space, CCAL cobordism can be obtained 
in the spacetime. Further, from the homotopy perfect 
sequence of fiber bundle 7ri(G) 7^i{W) — > tti{W) — > 
7ro(G), the spacetime being simply connected is guaran- 
teed. 

Finally, we have the following comments: for both the 
requirement of extra dimension from the theory and the 
observation of the spacetime dimension to be consistent, 
the theory must contain certain mechanism as compact- 
ification. It should be also taken into consideration that 
a series of gauge symmetry lowering occurred in the uni- 
verse. From this viewpoint, it is reasoned that dynam- 
ical compactification should occur, i.e., our geometrical 
mechanism emerges as dynamical mechanism. 

In all of these topology changes is that the process is 
accompanied by higher to lower gauge symmetry tran- 
sition. This process is different from Higgs mechanism. 
This is because the groups act on direct product spaces, 
and the degree of freedom to lower symmetry group is 
not used for generation of the boson. 

It should be added that the cobordantness among 
spacetimes themselves can be discussed instead of spa- 
tial hypersurfaces. 



Appendix A: Principal b und les and Classifying 
Spaces [3^ 

Let G be a compact Lie group. A principal G-bundle 
£,{P,p, X, G) consists of total space P, base space X, and 
projection map p : P M- A such that G acts P transi- 
tively on the right, and that the orbit xG of i S P is 
exactly the fiber p~^{x) of x — p{x). 

The universal G-bundle tt : EG ^ BG is the principal 
G-bundle such that 7ri(EG) = {1} for aU i e NU{0}. BG 
is called the classifying space of G. It is known that BG is 
determined uniquely up to weak homotopy equivalences. 
The following theorem is a basic fact for the theory of 
principal bundles. 

Theorem 16 (Classifying Theorem) : The set of the 

isomorphism classes [G; X] of principal G-bundles over 
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X has one to one correspondence with the set of homo- 
topy classes [X]MG] of continuous maps from X to MG. 

Throughout this paper, we have assumed that H*{MG; Z) 
is torsion free. Related to the torsion elements of 
i/*(BG';Z), the following theorems are known. 

Theorem 17 // iJ*(G;Z) has no p-torsion, then 
i7,(BG;Z) has no p-torsion. 

Theorem 18 // _ff»(BG;Z) has no torsion, then 
H^{G;Z) has no torsion and is a polynomial ring gen- 
erated by even dimensional element. 

H*{MU{n);Z) = i?*(BGL(n, C); Z) =Z[ci,C2,-- - ,Cn] 
iJ*(BSU(n);Z) = i7*(BSL(n, C); Z) =Z[c2,-- - ,c„] 



where K is the field which is not characteristic 2, Ci is 
ith Chern class, and degCi — 2i. 



Appendix B: Signature of a 4n-manifold 

Let M be a closed oriented manifold of dimension 
An. Then we have a non-degenerate bilinear form / : 
i?2n(M;K) X H2n{M-R) ^ R defined by Iix,y) = 
{x U y, [M]), which is called the intersection form of M. 
Then H2„{M;R) splits to the direct sum 7J2n(M;K) = 
H+ © where I\H+ is positive definite and I\H- is 
negative definite. Set a{M) = dims.iH^) — dims.{H_). 
We call a{M) the signature of M . It is known that cr(M) 
is a cobordism invariant of M [37| • 
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